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Question 1: [2+3+2+3+3 marks]

Let Q=X?+ X+ 1 be a polynomial of Z[X].
a) Show that K = Z,[X]/(Q) is a field.

b) Let u=X be the equivalence class of X modulo (Q). Find the elements of K and

give the addition and multiplication tables of K.

¢) Simplify (1 +u)’ in K.



d) Find a prime number p so that the polynomial f(X) = X * + X* + 3X + (p - 2) is
divisible by X - 2in Z[X].
e) Find GCD(X*+2X3+2,2X2+ X +1)in Zs[X].



Question 2:

Part I: [2+2+3 marks]

Let R be the integral domain R = Z[+/=2] and N : R — N the function defined by
N(a+bv=2)=a?+2b%

a) Find the units of R.

b) Prove that if N(«) is a prime number, then « is irreducible.

c) Show that =5 is irreducible, but N(«) is not a prime number ?



Part I1: [2+4+2 marks]

d) ProvethatR = Z[\/—_Z] is an Euclidean domain with 6(«) = N(a) for every a = 0.

e) Let « and S be two nonzero elements of R. Prove that if « divides £ and
N(@) = N(p), then a=+ f.

f) Let y=1+3+/—2. Prove that the ideal () is maximal in R.



Question 3:

Part I: [5+2+3 marks]
Let R be a commutative ring with identity 1 and J a nonzero ideal of R. Consider the
cartesian product S =R x J. Define on S the following binary operations:
(r,a)+(s,b) = (r+s,a+hb)
(r,a).(s,b) = (rs,rb+sa)
a) Prove that S is a commutative ring with identity.
b) Is S an integral domain ?

c) LetH be asubring of R. Prove that H x J is a subring of S






Part Il: [3+2+3+2+2=12 marks]

For an ideal I of R, we define T(l) =1 x J.

d) Prove that T(l) is an ideal of S.

e) Prove that the function f: S— R/ 1 defined by f(r,a) = r is a homomorphism.
f) Showthat S/T(l) = R/I.

g) Deduce that I is a maximal ideal of R if and only if T(I) is a maximal ideal of S.

h) Is 4Z x Z amaximal ideal of Z x Z?






