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Question 1: [ 5 marks] 

Let  t  be a real number. Discuss the rank and the nullity of the following matrix: 
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Question 2:   [ 3 × 4 marks]  

Let  V = IR
3  

be an inner product space with the following weighted inner product:   

If  u = (u1 , u2 , u3)  and  v = (v1 , v2 , v3), then  332211
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where  p  is a fixed positive real number. 

 

a) Find the angle    between the vectors  u = (1 , -1 , 1)  and  v = (3 , 0 , 6). 

b) Find  k  such that the vectors  u1 = (3 , 2k , 9)   and   v1 = (k 2 , 3 , -1)  

are orthogonal. 

c) Find a basis of W

, where W is the subspace of V spanned by the 

 vector  w = (3 , 2 , 1). 

d) Find two vectors of norm 1  that are orthogonal to the given vectors 

  u2 = (1 , 1 , 1)  and  v2 = (0 , 1 , 1). 

 

Question 3:  [ 3 × 4 marks]  

In the vector space V = P2 , consider B = {1 , X} and  B' = {p = 1 – X  ,  q = 2 – 3X } 

a) Prove that B' is a basis of  V.  

b) Find the transition matrix from B'  to  B. 

c) Find the transition matrix from  B  to  B'. 

d) Find the coordinates of  2 + X  with respect to the basis B'. 
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Question 4:   [3 × 3 marks]  

Consider the following matrix 
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a) Find the eigenvalues of A.  

b) Find a basis for each eigenspace of A. 

c) Is there an invertible matrix P such that P
-1

AP is a diagonal matrix? 

Explain. 

 

Question 5:   [3 × 4 marks]  

Let  T : IR
2
  IR

3
  be the function defined by   T(x , y)  =  (x + y , 2x , 3y). 

a) Show that T is a linear transformation. 

b) Find the matrix of  T  with respect to the standard bases.  

c) Find the kernel of  T. 

d) Find the range of  T. 


