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Question 1: [ 9 marks]

a) Determine the determinant of a 3x 3 matrix A such that A* = 2A".

b) Find the rank of a matrix A of size (n+1) x n such that Nullity(A") = 2 Nullity(A).

d) Let V be an inner product space V and u, v, w three nonzero vectors of V. Prove
that, if <u,v>=<u,w>=<v,w>=0, then {u, v, w}is linearly independent.



Question 2: [ 4 + 4 marks]

a) Prove that H = { pe P, : p(1) + p' (1) = 0} is a subspace of P, and find its
dimension.

b) Let A be a 2 x 2 matrix whose eigenvalues are 1 and -1. Show that there isa 2 x 2

invertible matrix P such that P 'lAP =D is a diagonal matrix. Then prove that A'1 =A.



Question 3 [ 9 marks]

Let V =Span{f;, f,, fs}, where f; =1, f, =¢ , f3=xel
a) Provethat S={f;,f,, f3}is a basis of V.
b) Find the coordinates of 4 + (2 -3 x) e* with respect to S.

c) Is{f;, fo, f3, 1 + e} alinearly independent set of V?



Question 4 [ 6 + 3 marks]

1) Let V be an inner product space and u , v are two nonzero vectors of V such that
lul| = ]v]|| = h.Let 6 be the angle between u and v, and w:%(u +V). Then
a) Find <u,w>and| w|| asa functionof h and 6.

b) Find the angle 6' between uand w as a function of 6 .

2) Let A be a square matrix such that A = A. Show that 0 and 1 are only the possible
eigenvalues of A.



Question 5 [8 marks]
Let W be the subspace of R’ generatedbyu=(1,2,3) and v=(2,4,2).

a) Find a basis of the orthogonal complement W *of W,

b) Find two vectors of norm 1 that are orthogonal to u and v.



Question 6 [ 7 marks]
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Let A={0 2 0/.Find the eigenvalues of A and discuss whether A is diagonalizable as
0 1 a

a varies.



