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Question 1:  [ 8 marks] 

 

In each question, only one statement is true, circle the right statement. 

 

(i)  If A is 4 × 4 matrix, and nullity(A) = 2, then  

a) The reduced row-echelon form of A is 



















0000

1000

0010

0001

. 

b) Column-vectors of A are linearly independent. 

c) AX = O has only the trivial solution. 

d) Rank(A
T
) = 3. 

e) Nullity(A
T
) = 2. 

 

(ii)  Let TA be the linear transformation, multiplication by 





















1342

0111

0121

A  

a)  dim Im(TA) = 2.  

b)  dim Ker(TA) = 1. 

c)  TA (1,-1,1,-1)  =  (0,1,2). 

d)  (1,2,3,4)  Ker(TA). 

e)  dim Im(TA) + dim Ker(TA) = 3 

 

 (iii)  If the characteristic polynomial of a matrix A is  PA = λ 
2 

(λ – 1) ( λ + 1)
2 

(λ – 3), 

then   

a)  A is invertible.  

b)  det(A) = -3. 

c)  A is of size 5 ×5. 

d)  A X = O has infinitely many solutions. 

e)  The dimension of the eigenspace corresponding to λ = 1 is 2. 
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(vi)  If V is a vector space with a basis B = { v1 , v2 , v3 , v4 }, then 

a)  { v1 , v2 , v3 } is linearly dependent. 

b)  { v1 , v2 , v3 } spans V. 

c)  v1  Span{ v2 , v3 , v4 }. 

d)  { v1 , v2 , v3 , v1 + v3 } is a basis of V. 

e)  (v1 + v2 + v3 )B  =  (1 , 0 , 1 , 1) .  
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Question 2: [ 6  marks] 

 

Show that the following system has a unique solution, then solve it by inverting the 

coefficient matrix  

x  +  2 y  +  z  =   1 

x  +  2 y  + 2 z =   1 

x  + 3 y  + a z =   2 
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Question 3:  [ 3 + 3 marks]  

 

Let  









12

11
A  , 







 


34

11
B  and 












11

10
C  . 

 

a)  Does  BASpanC ,  ? 

 

 

 

 

 

 

 

 

 

 

b)  Let  T : M22
  
 R be a linear transformation such that  T(A) = 1  and  T(B) = 1.  

Show that  C  Ker(T). 
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Question 4   [ 10 marks]  

A square matrix A is said to be orthogonal if  A
 
A

T
 = I. 

a) Show that every orthogonal matrix is invertible. 

b) Show that 















 



100

0cossin

0sincos





A  is an orthogonal matrix. 

c) Prove that, if  A  and  B  are two orthogonal matrices, then  AB  is an orthogonal 

matrix. 

d)  Prove that, if  A = P D P
 -1

, where P is an orthogonal matrix and D is a diagonal 

matrix, then  A
T
 = A. 
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Question 5  [10 marks] 

Let T : P2  P1 be a linear transformation defined as  

T(a0 + a1 x + a2 x
2
)  =  (a0 + a1) + (a1 + a2) x 

 

a) Show that T is a linear transformation. 

b) Is 1 + x
 
 R(T) ?  

c) Is  q = 1 + 2 x - 2 x
2
   Ker(T) ? 

d) Find a basis of Ker(T). 

e) Find the rank and the nullity of T. 
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 Question 6: [ 2+5+5 marks] 

Consider the following matrix 













a

a
A

1

1
 

a) Find the eigenvalues of A.   

b) Find a basis for each eigenspace of A, and conclude that A is diagonalizable. 

c) Find  A
n
  for every positive integer n. 

 


