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Question 1: [4 + 4 marks]

a) Let R be an integral domain with identity. Prove that if p is irreducible and u is a unit,

then pu is irreducible.

b) Let f(x) = x* +nx®+x*+n e Z-[x]. Find n if the polynomial g(x) = x - 2 divides f(x).



Question 2: [4 + 4 marks]

a) Find all irreducible polynomials of degree 2 in the polynomial rings Z ,[x].

b) Show that, if a + bi is prime in ’Z [i], then a — bi is prime in Z [i].



Question 3: [4 + 4 marks]

a) Let R be an Euclidean domain with degree function 6. Prove that if 5(1) > -2, then the

function 6’: R {0} —» N defined by &’(x) = 3(x) + 2 is also a degree function.

b) LetP =X gt 2 X + 2 be a polynomial of Z 3[X]. Show that Z 3[X]/(P) is a field and

find its elements.



Question 4 [4 + 4 marks]

a) Let R be division ring. Prove that the center Z(R) of R is a field, where Z(R) is defined
by Z(R)={aeR:ax=xaforall x e R}.

b) Let R be a Boolean ring and P be a prime ideal of R. Show that R/P has only two

elements (use the fact that x* = x for all x e R). Then conclude that P is a maximal ideal.



Question 5 [4 + 4 marks]

Let R be a principal ideal domain and P be a prime ideal of R.
a) Prove that P is generated by a prime element.

b) Prove that P is a maximal ideal.



Question 6 [3 + 3 + 4 marks]

X
Let R be the set of all upper triangular matrices R ={{0 y} X, yeZ}.
z

a) Prove that R is a ring with identity.

0 a
b) Prove that J :{{0 0} : ae Z}isanideal of R.

c) By considering the function f : R — ZxZ defined by f ({; y}) = (x, z), show that J
z

is not a prime ideal of R.






