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 Question 1:  [5 + 5 marks] 

 

a) Prove that 8 divides n
2 

- 1 for every odd integer n. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) Find the remainder when 2(41!) + 2
84

 is divided by 43. 
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Question 2:  [5 + 5 marks] 

 

a) For any integer a, find the possible units digit of a
2
 + a

 
+ 1.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) The Fibonacci numbers ao, a1, a2 … are defined by ao = 0, a1 = 1, and an = an - 1 + an - 2 

Prove, by induction, that  an   n - 2
  for n  1, where 

2

51
 .    (Hint: 12  ).
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Question 3:  [5 + 5 marks] 

 

a) Find the least positive integer a so that  6 / (a + 1),  5 / (a + 2) and  11 / (a + 7).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) By using linear congruences, solve the congruence equation:   4x
2
  1  (mod 11). 
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Question 4:  [ 5 + 5 marks] 

 

a) If gcd(a , b) = 3 , show that gcd(a
n+ 1

, b
n
) = 3

n
  or  gcd(a

n+ 1
, b

n
) = 3

 n+ 1
. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) Let n = 2p for some prime number p > 2. Show that if a is a positive integer such that 

gcd(n , a) = 1, then a
n – 1

  a (mod n).  
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Question 5:  [ 5 + 5 marks] 

 

  

a) Let a and b be two positive integers. Prove that if a / b, then (2
a
 – 1) / (2

b
 – 1), and 

deduce that, if 2
m
 – 1 is prime, then m is prime. 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) Prove that if n > 2 is an integer such that (n -1)!  -1 (mod n), then n is prime. 


