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Question 1: [4+ 4 marks ]

Kk
Let f be a function defined by (k) = Gt J fork > 1.

a) Prove that f(k +1)— f(k) = (”;k}

b) Deduce that (nj + (n+1j + (n+2) + [n+3) + ...+ (an = (2n+1j_
0 1 2 3 n N



Question 2 [ 4 + 4 marks]

: 4 . .
a) Leta> 1 be an integer. Prove that a "+4is composite.

b) If gcd(a, b) =1, prove that gcd(a®—b?,a®+b*)=|a+b]|.



Question 3: [4 + 4 marks ]

a) Find an integer asuch that 4/a+1 , 9/a+2 , 25/a+3.

b) Prove that if the integer n has k distinct odd prime factors, then
o(n) = 0 (mod 2



Question 4: [4 +4 +2 marks]

a) Letaand b be two integers. Prove that (a + b)!" =a'” + b*’ (mod 17).

17
(Hint: show that 17 divides ( ) J forevery 0<k<17)

b) Deduce that 1" + 27 + ...+ (n)!" = {n(anr 1)

} (mod 17).

c) Find the remainder when 1" + 2'7 + ...+ (1000)"" is divided by 17.



Question 5: [4+ 4 marks]

a) Given an integer N with n digits. Let M the integer formed by reversing the order of
the digits. Show that (N)" - (M)" is divisible by 11.

b) Show the equation x*- 10y =7 has no solution in the set of integers.



Question 6: [4 + 4 marks]

a) Let p be an odd prime number and a an integer. Use Fermat’s Theorem to prove that

- 2p 2 p
2pdivides a —a —a +a.

b) Let pand p + 2 be two primes. Use Wilson’s Theorem to prove that p(p + 2)
divides 4(p-1)! +p +4






